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ABSTRACT. The definition of Rouquier for the famihcs of characters of Weyl 
groups in terms of blocks of the associated Iwahori-Hecke algebra has made 
possible the generalization of this notion to the complex reflection groups. Here 
we give an algorithm for the determination of the "Rouquier blocks" of the 
cyclotomic Ariki-Koike algebras. 

Introduction 

The work of G. Lusztig on the irreducible characters of reductive groups over 
finite fields (cf. [TH] ) has displayed the important role of the "families of char- 
acters" of the Weyl groups concerned. More recent results of Gyoja [TB] and 
Rouquier [25j have made possible the definition of a substitute for families of 
characters which can be applied to all complex reflection groups. In particular, 
Rouquier has shown that the families of characters of a Weyl group W are ex- 
actly the blocks of the Iwahori-Hecke algebra of W over a suitable coefficient 
ring, the "Rouquier ring" . This definition generalizes without problem to the 
cyclotomic Hecke algebras of all complex reflection groups. Ever since, we have 
been interested in the determination of the "Rouquier blocks" of the cyclotomic 
Hecke algebras of complex reflection groups. 

In [4 , Brouc and Kim presented an algorithm for the determination of the 
Rouquier blocks for the cyclotomic Hecke algebras of the groups G{d, l,r) and 
G{d,d,r). Later Kim [17| used the same algorithm to determine the Rouquier 
blocks for the group G{de, e,r). Moreover, the "Rouquier blocks" of the "spet- 
sial" cyclotomic Hecke algebra of many exceptional complex reflection groups 
have been determined by Malle and Rouquier in Finally, in [S], we've deter- 
mined the Rouquier blocks of the cyclotomic Hecke algebras of all exceptional 
complex reflection groups. 

However, it was recently realized that the algorithm given in 0] works only 
in the case where d is the power of a prime number. The aim of this paper is 
to give a complete description of the Rouquier blocks of the cyclotomic Ariki- 
Koike algebras of the group G{d,l,r). In order to achieve that, we use the 
theory of "essential hyperplanes" introduced in [5]. According to this theory, 
the Rouquier blocks of the cyclotomic Hecke algebras of any complex reflection 
group depend on numerical data determined by the generic Hecke algebra, the 
"essential hyperplanes" of the group. Thanks to Theorem I2.15| it suffices to 
study the blocks of the generic Hecke algebra in a finite number of cases in 
order to obtain the Rouquier blocks for all cyclotomic Hecke algebras. 

An algorithm for the blocks of the Ariki-Koike algebras of G(c?, 1, r) over any 
field has been given by Lylc and Mathas in [5D]. This algorithm can be applied 
to give us the Rouquier blocks of the cyclotomic Ariki-Koike algebras and we 
use it to obtain a characterization in the combinatorial terms used in [3]. Our 
main result is Theorem 13. 18[ which determines completely the Rouquier blocks 
of the cyclotomic Ariki-Koike algebras. The most important consequence is 



that we can obtain the Rouquier blocks of a cyclotomic Ariki-Koike algebra of 
G((i, 1, r) from the families of characters of the Weyl groups of type Bn, n < r, 
already determined by Lusztig. This result can also be deduced from the Morita 
equivalences established by Dipper and Mathas in [TU]. Moreover, we show that 
the Rouquier blocks in the important case of the "spetsial" cyclotomic Hecke 
algebra are the ones given by the algorithm of [1]. 

Finally, in the case of the Weyl groups, Lusztig attaches to every irreducible 
character two integers, denoted by a and A, and shows (cf. [H], 3.3 and 3.4) 
that they are constant on the families. In an analogue way, we can define in- 
tegers a and A attached to every irreducible character of a cyclotomic Hecke 
algebra of a complex reflection group. Proposition 13.211 completes the proof of 
the result by Broue-Kim (cf. [1], 3.18) that the integers a and A are constant 
on the Rouquier blocks of G{d, 1, r). The same result has been obtained by the 
author for the exceptional complex reflection groups in [5]. 
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thank the Mathematical Sciences Research Institute of Berkeley and the Ecole 
Poly technique Federale de Lausanne for their financial support. 

1 Blocks and Symmetric algebras 

For the proofs of the results not given in this section, the reader may refer to 
[U or the second chapter of [S] . 

1.1 Generalities 

Let us assume that O is a commutative integral domain with field of fractions F 
and A is an O-algebra, free and finitely generated as an O-module. We denote 
by ZA the center of A. 

Definition 1.1 The block-idempotents (blocks) of A are the primitive idempo- 
tents of Z A. 

Let if be a field extension of F and suppose that the if-algebra KA := 
K ®o A is semisimple. Then KA is isomorphic, by assumption, to a direct 
product of simple algebras: 



where 1t:y{KA) denotes the set of irreducible characters of KA and is a 
simple /C-algebra. 

For all X G Irr(/irA), we denote by tt^ : KA the projection onto the 

X-factor and by the element of KA such that 



We have the following result which provides a relation between the blocks 
of the algebra KA and the blocks of the algebra A. 



KA ~ Yl 
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Theorem 1.2 

1. We have 1 = Sxeirr(/<'A) '^"■'^ ■'^^ {^x}xei"(^f^) ^''''^ 
blocks of the algebra KA. 

2. There exists a unique partition B1(A) oflrv[KA) such that 

(a) For all B G B1(A), the idempotent cb X^^eB &^ocfc o/ A. 

(b) We have 1 = X]_B6B1(A) ^b ^'^'^ ^^^"'"U central idempotent e o/ A, 
there exists a subset B1(j4, e) o/ B1(A) ,swc/i t/iat 

e= ^ es. 

SeBl(A,e) 

/n particular the set {eB}BeB\(A) is the set of all the blocks of A. 
Remarks: 

• If X G i? for some B G B1(A), wc say that "x belongs to the block e^". 

• For all B G B1(A), we have 

KAcB ^ n ^-^x- 

xes 

From now on. we make the following assumptions 
Assumptions 1.3 

(int) The ring O is a Noetherian and integrally closed domain with field of 
fractions F and A is an O-algebra which is free and finitely generated as 
an O-module. 

(spl) The field K is a finite Galois extension of F and the algebra KA is split 
(i.e., for every simple KA-module V , ^ndKAiY) — K) semisimple. 

We denote by Ok the integral closure of O in K . 
1.2 Blocks and integral closure 

The Galois group Gal(A'/i^) acts on KA = K ®o A (viewed as an F-algebra) 
as follows: if cr G Gal{K/F) and A (8) a G KA, then a{\ ® a) := (t(A) ® a. 

If F is a .ftT- vector space and a G Gal(iir/i^), we denote by "V the iC- vector 
space defined on the additive group V with multiplication \.v := a^^{\)v for 
all A G if and v £ V . li p : KA — > Endi<-(y) is a representation of the K- 
algebra KA, then its composition with the action of cr"^ is also a representation 
'^p : KA EndKC'V"): 

KA KA ^ Endjc(y). 

We denote by the character of " p and we define the action of Gal(i^/i^) 
on It:v{KA) as follows: if G Gal(i4'/F) and x G Itv{KA), then 

ct(x) :=''x = croXocr"^- 
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This operation induces an action of Gal{K/F) on the set of blocks of KA: 

a{e^) = e^^ for aU a £ Gal{K/F),x G lri-{KA). 

Hence, the group Gal(i^/i^) acts on the set of idempotcnts of ZOkA and 
thus on the set of blocks of Ok A. Since F n Ok = O, the idempotcnts of ZA 
are the idempotents of ZOkA which are fixed by the action of Ga\{K/F). As a 
consequence, the primitive idempotents of ZA arc sums of the elements of the 
orbits of Ga\{K/F) on the set of primitive idempotents of ZOkA. Thus, the 
blocks of A are in bijection with the orbits of Gal{K/F) on the set of blocks of 
Ok A. The following proposition is just a reformulation of this result. 

Proposition 1.4 

1. Let B he a block of A and B' a block of Ok A contained in B. If Ga\[K / F) b' 
denotes the stabilizer of B' in G&\{K/F), then 

B= U a{B') I.e., cb ^ ^ <y{eB')- 

aeGa\(K/F)/Ga\(K/F)i^, ijeGai(K / F) /Ga\{K / F) g, 

2. Two characters Xj'fp & Itt(KA) are in the same block of A if and only if 
there exists a G GiA(K j F) such that cr(x) and ip belong to the same block 
of Ok A. 

Remark: For all x G B' , we have Gal(A7i^);^ C Gal(A7F)B'. 

The assertion (2) of the proposition above allows us to transfer the problem 
of the classification of the blocks of A to that of the classification of the blocks 
of Ok A. 

1.3 Blocks and prime ideals 

We denote by Spcc(0) the set of prime ideals of O. Since O is Noetherian and 
integrally closed, we have 

n Op, 

peSpcc(C') 

where Op := {x e F \ {3a £ O - p){ax e O)} is the localization of O at p. 

Let p be a prime ideal of O and OpA := Op ^- The blocks of OpA are 
the "p-blocks of A". If G Irr(i^A) belong to the same block of OpA, we 
write X ~p V"- 

Proposition 1.5 Two characters x, V' G \tt{KA) belong to the same block of A 
if and only if there exist a finite sequence Xo? Xii • ■ ■ j Xn G Itt{KA) and a finite 
sequence pi, . . . , p„ G Spec(0) such that 

• Xo = X and Xn = ip, 

• for all j {l<j<n), Xj-i ^p, Xj- 
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1.4 Blocks and residue blocks 



Let p be a maximal ideal of O and set fcp := O/p its residue field. If Op is 
the localization of O at p, then fcp is also the residue field of Op. The natural 
surjection TTp : Op kp extends to a morphism TTp : OpA -» kpA, which in turn 
induces a morphism 

TTp : ZOpA ZkpA. 
The following lemma will serve for the proof of proposition II. 71 

Lemma 1.6 Let e be an idempotent of Op A whose image e in kpA is central. 
Then e is central. 

Proof: Set R := OpA. Since e is central, we have ekpA{l — e) = (1 — 
e)kpAe = {0}, i.e., eR{l - e) C pi? and (1 - e)Re C pi?. Since e and (1 - e) 
are idempotents, we get ei?(l — e) C pei?(l — e) and (1 — e)i?e C p(l — e)i?e. 
By Nakayama's lemma, ei?(l — e) = (1 — e)i?e = {0}. Thus, from i? = ei?e © 
ei?(l-e)©(l-e)i?e©(l-e)i?(l-e) we deduce that i? = ei?e © (1 - e)i?(l - e) 
and consequently, e is central. ■ 

Proposition 1.7 if Op is a discrete valuation ring and K — F, then the mor- 
phism 

TTp : ZOpA ZkpA 
induces a bijection between the set of blocks of OpA and the set of blocks of kpA. 

Proof: From now on, the symbol ^ will stand for p-adic completion. It is 
immediate that TTp sends a block of OpA to a sum of blocks of kpA. Now let e 
be a block of kpA. By the theorems of lifting idempotents (see [21], Thm.3.2) 
and the lemma above, e is lifted to a sum of central primitive idempotents 
in OpA. However, by the fact that KA is split semisimple, we have that the 
blocks of OpA belong to KA. But A' n Op = Op (cf., for example, [H], 18.4) 
and OpA n ZOpA C ZOpA. Therefore, e is hfted to a sum of blocks in OpA 
and this provides the block bijection. ■ 

I. 5 Symmetric algebras 

Let O be a ring and let A be an O-algebra. Suppose again that the assumptions 

II. 31 are satisfied. 

Definition 1.8 A trace function on A is an O-linear map t : A ^ O such that 
t{ab) = t{ba) for all a,b e A. 

Definition 1.9 We say that a trace function t : A O is a symmetrizing form 
on A or that A is a symmetric algebra if the morphism 

i : A^ IIomo(A, O), a t-^ {x ^ iia){x) := t{ax)) 

is an isomorphism of A-modules-A. 
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Example 1.10 In the case where = 2 and A — Z[G] (G a finite group), we can 
define the following symmetrizing form ( "canonical" ) on A 



where ag £ Z, for all g £ G. 

If r : A — > O is a linear form, we denote by its inverse image by the 
isomorphism t, i.e., is the element of A such that 

t(T^a) = T(a) for all a e A. 

The element has the following properties (of., for example, [H], §7.1): 

Lemma 1.11 

1. T is a trace function if and only if G ZA. 

2. Let {ei)i^i he a basis of A over O and {e'^)i^i is the dual basis with respect 
to t (i.e., t{eie'j) = Sij). We have = J2i '''{^'d^i = X^i ''"(eO^i ^''^d more 
generally, for all a G A, we have t"^ a = T{e[a)ei = '^j^T{eia)e'j^. 

1.6 Schur elements 

If A is a symmetric algebra with a symmetrizing form t, we obtain a sym- 
metrizing form on KA by extension of scalars. Every irreducible character 
X G Ii:i{KA) is a trace function on KA and thus we can define G ZKA. Since 
KA is a split semisimple i^T-algebra, we have that KA ~ nxeirr(A:A) -^X' where 
is a matrix algebra isomorphic to Matp^(i) (i^). The map tt^^ : KA M^, 
restricted to ZKA, defines a map u;^ : ZKA K. 

Definition 1.12 For all x G 1tt{KA), we call Schur element of x with respect 
to t and denote by the element of K defined by 



The following property of the Schur elements is proven in |12j . §7.2. 
Proposition 1.13 For all x e Iti{KA), G Ok*- 

Example 1.14 Let O := Z, A ~ Z[G] (G a finite group) and t the canonical 
symmetrizing form. If K is an algebraically closed field of characteristic 0, then KA 
is a split semisimple algebra and = |G|/x(l) for all x G 1tt{KA). Because of 
the integrality of the Schur elements, we must have |G|/x(l) G Z = Zk n Q for all 
X G lrr{KA). Thus, we have shown that x(l) divides |G|. 

The following properties of the Schur elements can be derived easily from 
the above (see also |3],[n],[I3,[I3],[l]). 

Proposition 1.15 

1. We have 



t : Z[G] ~*Z, agQ ai, 
g&G 



s 



^x(x^)- 




2. For all x G lvv{KA), the central primitive idempotent associated with x is 



2 Hecke algebras of complex reflection groups 



2.1 Generic Hecke algebras 

Let /ioo be the group of all the roots of unity in C and K a number field contained 
in Q(/ioo)- We denote by n{K) the group of all the roots of unity of K. For 
every integer d > 1, we set := exp(27ri/c?) and denote by fid the group of all 
the d-th roots of unity. 

Let V he a, i^- vector space of finite dimension r. Let 14^ be a finite subgroup 
of GL(T^) generated by (pscudo-)rcflections acting irreducibly on V. Let us 
denote by A the set of the reflecting hyperplanes of W. We set ;= C F — 
Uhga'^^H- For ^--o e M, let P ;= ni(7W, xq) and B := ni{M/W,xo). Then 
there exists a short exact sequence (cf. [7], §2B): 

{1} ^ P ^ B ^ {1}. 

We denote by r the central element of P defined by the loop 

[0,1] ^M, t cxp{2TTit)xo- 

For every orbit C of on A, we denote by ec the common order of the 
subgroups Wh, where H is any clement of C and Wh the subgroup formed by 
idy and all the reflections fixing the hyperplanc H. 

We choose a set of indetcrminates u ~ i''^c,j)(ceA/w){o<j<ec-i) ^^.'^ 
denote by Z[u, u"-'^] the Laurent polynomial ring in all the indetcrminates u. 
We define the generic Hecke algebra Ti. oi W to be the quotient of the group 
algebra Z[u, u^^]i3 by the ideal generated by the elements of the form 

where C runs over the set A/W and s runs over the set of monodromy generators 
around the images in M/W of the elements of the hyperplanc orbit C. 

Example 2.1 Let W := G4 =< s,t \ sts = tst,s'-^ = = 1 >. Then s and t are 
conjugate in W and their reflecting hyperplanes belong to the same orbit in A/W. 
The generic Hecke algebra of W can be presented as follows 

H{Gi)=<S,T\ STS^TST, {S - uo){S - ui){S - m) = 0, 

[T - uq){T - ui){T - U2) = > . 

We make some assumptions for the algebra Ti. Note that they have been 
verified for all but a finite number of irreducible complex reflection groups ([S], 
remarks before 1T7, § 2; [T^). 

Assumptions 2.2 The algebra TL is a free Z[u, \i~^]-module of rank \W\. More- 
over, there exists a linear form t : Ti. Z[u, u^^] with the following properties: 

1. t is a symmetrizing form for Ti. 

2. Via the specialization ucj <—>■ Cic' form t becomes the canonical sym- 
metrizing form on the group algebra IW . 

3. If we denote by a ^ 0* the automorphism o/Z[u, u^^] consisting of the 
simultaneous inversion of the indetcrminates, then for all b G B , we have 
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We know that the form t is unique ([5], 2.1). From now on, let us suppose 
that the assumptions 12.21 are satisfied. Then we have the foUowing result by 
G.Malle ([H], 5.2). 

Theorem 2.3 Let v = {vcj)(CeA/w)(o<j<ec-i) be a set of J^ceA/w^^C in- 
determinates such that, for every C,j, we have Wc^j^"" = CeJ^cj- Then the 
K{w)-algebra K{'v)'H is split semisimple. 

By "Tits' deformation theorem" (cf., for example, [5], 7.2), it follows that 
the specialization vqj i-^ 1 induces a bijection x Xv from the set Irr(A'(v)7i) 
of absolutely irreducible characters of K{v)T-C to the set Irr(VF) of absolutely 
irreducible characters of W, such that the following diagram is commutative 

Xv: n ^ Zk[v,v-1] 
i i 
X: ZkW Zk. 



The following result concerning the form of the Schur elements associated 
with the irreducible characters of A'(v)7i is proved in [9], Thm.3.2.5, using case 
by case analysis. 

Theorem 2.4 The Schur element s-^{'v) associated with the character Xv of 
K{v)T-i is an element o/Za'[v, v^"'^] of the form 

where 

• is an clement ofLx, 

• Ny^ = ric j ^c"^/ monomial in Za'[v, v^"'^] such that X]J=o^ ^c,j = 
for all C e AfW, 

• is an index set, 

• {^~f^^i)i(zi^ is a family of K-cyclotomic polynomials in one variable (i.e., 
minimal polynomials of the roots of unity over K ), 

• {M^^i)i^i^ is afamily of monomials inZif[v,v~^] and if M^i ~ Yicj^c'^f' 
then gcd(acj) = 1 and J^j^o^ '^cj = for all C € A/W, 

• (n^^i)i^j^ is afamily of positive integers. 

This factorization is unique in K[v,v~^]. Moreover, the monomials {My^^i)i^i 
are unique up to inversion, whereas the coefficient is unique up to multipli- 
cation by a root of unity. 

Remark: The bijection Irr(A'(v)7i) ^ Irr(VF), Xv ^ X implies that the special- 
ization vcj I— > 1 sends to |VF|/x(l) (which is the Schur element of x in the 
group algebra with respect to the canonical symmetrizing form) . 

Let A := Zx[v, v^^] and p be a prime ideal of "Lk- 
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Definition 2.5 Let M = Y\c j '^c^j' ^ monomial in A such that gcd(acj) = 
1. We say that M is p-essential for a character x G Irr(VF), if there exists a 
K-cyclotomic polynomial ^' such that 

• '^[M) divides S;^(v). 

• G p. 

We say that M is p-essential for W , if there exists a character x G Irr(M^) such 
that M is p-essential for x- 

The following proposition ([5], Prop. 3. 2. 6) gives a characterization of p- 
essential monomials, which plays an essential role in the proof of theorem 12. 151 

Proposition 2.6 Let AI = ■ v^f-^ be a monomial in A such that gcd(acj ) = 
1. We set qM {M - 1)A + pA. Then 

L The ideal q^/ is a prime ideal of A. 

2. M is p-essential for x G Irr(M^) if and only if s^{'v)/S^^ E c\m- 

2.2 Cyclotomic Hecke algebras 

Let y be an indeterminate. We set x := 

Definition 2.7 A cyclotomic specialization of Ti. is a "Zk -algebra morphism 
4> : [v, v^^] '^K^y, y^^] with the following properties: 

• 4> • "fc.j ^ y"'^'^ where nc.j G Z for all C and j . 

• For allC G A/W , if z is another indeterminate, the element ofZxiy, y~^, z] 
defined by 

rc{y,z):= lliz-Q^y-'^-) 

is invariant by the action of Gal{K{y)/K{x)). 

If (/) is a cyclotomic specialization of Ti., the corresponding cyclotomic Hecke 
algebra is the Zx[y, y^^]-algebra, denoted by H^, which is obtained as the 
specialization of the Za'[v, v~^]-algebra Ti. via the morphism cf). It also has a 
symmetrizing form t^ defined as the specialization of the canonical form t. 

Remark: Sometimes we describe the morphism (jj by the formula 

If now we set q := ^x for some root of unity ^ £ l^-iK), then the cyclotomic 
specialization <j) becomes a C,- cyclotomic specialization and Ti^ can be also con- 
sidered over Zif[(7, q~^]. 

Example 2.8 The spetsial Hecke algebra Tlg{W) is the 1-cyclotomic algebra ob- 
tained by the specialization 

uc.o >-> q, uc.j >-> Cec 1 < J < ec — 1, for all C G A/W. 

For example, if W := G4, then 

TiliW) S,T \ STS = TST,{S -q){S'^ + S + 1) = (T - q)(r^ + T + 1) = > . 
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The following result is proved in [5] (remarks following Thm. 3.3.3): 

Proposition 2.9 The algebra K(y)Ti.^ is split semisimple. 

When y specializes to 1, the algebra K{y)T-L^ specializes to the group algebra 
KW (the form becoming the canonical form on the group algebra). Thus, by 
"Tits' deformation theorem" , the specialization vc,j ^ 1 defines the following 
bijections 

Irr(X(v)H) ^ lTr{K{y)rL^) ^ liv{W) 
Xv 1-^ X0 ^ X- 

The following result is an immediate consequence of Theorem 12.41 

Proposition 2.10 The Schur element s^^{y) associated with the irreducible 
character x<t> of K(y)Ti.^ is a Laurent polynomial in y of the form 

where V'x,^ ^ '^K? ax:0 ^ ^ '^"■'^ ^'^ of K -cyclotomic polyno- 

mials. 

2.3 Rouquier blocks of the cyclotomic Hecke algebras 

Definition 2.11 We call Rouquier ring of K and denote by TZxiy) the Ijk- 
subalgebra of K(y) 

TlKiy) ■.^ZK[y,y-\{y- 

Let (j) : wc,i ^ j/"'^-' be a cyclotomic specialization and the correspond- 
ing cyclotomic Hecke algebra. The Rouquier blocks of Ti^ are the blocks of the 
algebra (y)^^. 

Remark: It has been shown by Rouquier , that if is a Weyl group and Ti^ 
is obtained via the "spetsial" cyclotomic specialization (see example 12. 8p , then 
its Rouquier blocks coincide with the "families of characters" defined by Lusztig. 
Thus, the Rouquier blocks play an essential role in the program "Spets" (see [6]) 
whose ambition is to give to complex reficction groups the role of Weyl groups 
of as yet mysterious structures. 

The Rouquier ring has the following interesting properties. Their proof is 
given in [3], Proposition 3.4.2. 

Proposition 2.12 (Some properties of the Rouquier ring) 

1. The group of units TZxiy)^ of the Rouquier ring TZxiy) consists of the 
elements of the form 

<i>eCycl{K) 

where u G Z^, n^n^ G Z, Cycl(i4') is the set of K- cyclotomic polynomials 
and = for all but a finite number of $. 

2. The prime ideals ofTZxiy) '^''^ 
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• the zero ideal {0}, 

• the ideals of the form pTZxiy), where p is a prime ideal ofZx, 

• the ideals of the form P{y)TZK{y), where P{y) is an irreducible el- 
ement of ZkIv] of degree at least 1, prime to y and to ^{y) for all 
$ e Cycl(AO. 

3. The Rouquier ring TZxiy) is a Dedekind ring. 

Now let us recall the form of the Schur elements of the cyclotomic Hecke al- 
gebra given in proposition l2.10l If x<f> is an irreducible character of K{y)'H^, 
then its Schur element s^^ (y) is of the form 

where ipx,<l> ^ ci^,tj> G ^ ■'^ ''^^'^ is a set of /v-cyclotomic polyno- 

mials. 

Definition 2.13 A prime ideal p of Ijk lying over a prime number p is (j)-bad 
for W , if there exists X4> G Irr(i^(y)7i0) with ipx,<t> ^ P- ^ P (p-bad for W , we 
say that p is a (p-bad prime number for W . 

Remark: If is a Weyl group and (p is the "spetsial" cyclotomic specialization, 
then the (p-h&d prime ideals are the ideals generated by the bad prime numbers 
(in the "usual" sense) for W (see [13], 5.2). 

Note that if p is (p-h&A for VF, then p must divide the order of the group 
(since Sx,{l) = \W\/x{l))- 

Let us denote by O the Rouquier ring. By proposition 11.51 the Rouquier 
blocks of Titj, are unions of the blocks of O-pHcf, for all prime ideals V of O. 
However, in all of the following cases, due to the form of the Schur elements, 
the blocks of O-pH^ are singletons {i.e., e^^ = X^/s^^ £ O-pH^ for all x<f> S 
lTTiKiy)n^)): 

• V is the zero ideal {0}. 

• ■p is of the form P{y)0, where P{y) is an irreducible element of /^[y] of 
degree at least 1, prime to y and to $(y) for all $ G Cycl(i^). 

• is of the form pO, where p is a prime ideal of Zk which is not (p-h&d 
for W. 

Therefore, applying proposition 1 1.5[ we obtain 

Proposition 2.14 Two characters XjV' G Irr(M^) are in the same Rouquier 
block of 7^0 if and only if there exists a finite sequence Xo^Xii ■ ■ ■ iXn £ Irr(VF) 
and a finite sequence pi, . . . , p„ of (j)-bad prime ideals for W such that 

• Xo = X and Xn = ip, 

• for all j {1 < j < n), the characters Xj-i and Xj belong to the same block 
ofOp^oH^. 
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The above proposition imphes that if we know the blocks of the algebra 
Opo'Htt) for every 0-bad prime ideal p for W, then we know the Rouquier blocks 
of Ti.^. In order to determine the former, we can use the following theorem 
Thm.3.2.17): 

Theorem 2.15 Let A := Z/^[v, v^^] and p be a prime ideal o/Zk. Let Mi, . . . , Mk 
be all the p-essential monomials for W such that (f){AIj) = 1 for all j ~ 1, . . . , k. 
Set qo := pA, qj pA + {Mj - 1)A /or j = 1, . . . , k and Q := {qo, qi, . . . , qfc}. 
Two irreducible characters Xiip ^ Itt(W) are in the same block ofOpoTi,^ if and 
only if there exist a finite sequence XOi Xii ■ • • ; Xn £ Irr(VF) and a finite sequence 
qjj^ , . . . , qj^ G Q such that 

• Xo = X and Xn = ^, 

• for all i (l < i < n), the characters Xi-i o.nd Xi o,re in the same block of 

Let p be a prime ideal of Zk and : vcj g, cyclotomic specialization. 

If M = Ylc j ''^c^j^ ^ p-essential monomial for W, then 

0(A/) = 1 X! ^C^ncj = 0. 

Set m := X^ceyl/iv ^c- The hyperplane defined in C™ by the relation 

ac.jtcj = 0, 

where {tc.j)c,j is a set of m indeterminates, is called p-essential hyperplane for 
W . A hyperplane in C™ is called essential for W , if it is p-essential for some 
prime ideal p of "Lk (Respectively, a monomial is called essential for W , if it is 
p-essential for some prime ideal p of Z^)- 

Let H be an essential hyperplane corresponding to the monomial M and 
let p be a prime ideal of "Lk ■ We denote by the partition of Irr(Ty) into 
blocks of A^^jH, where (\m '■= {M — I) A -\- pA. Moreover, we denote by the 
partition of Irr(VF) into blocks of ApAkL. 

Definition 2.16 Let H be an essential hyperplane for W . We call Rouquier 
blocks associated with the hyperplane H (resp. with no essential hyperplane), 
and denote by B^ (resp. B'^), the partition oflTi{W) generated by the partitions 
B^ (resp. B^), where p runs over the set of prime ideals ofLx. 

With the help of the above definition and thanks to proposition 12.141 and 
theorem 12.151 wc obtain the following characterization for the Rouquier blocks 
of a cyclotomic Hecke algebra: 

Proposition 2.17 Let 4> : vc.j ^ ^"c.j cyclotomic specialization. The 

Rouquier blocks of the cyclotomic Hecke algebra Ti.^ correspond to the partition 
of 1tx{W) generated by the partitions B^ , where H runs over the set of all 
essential hyperplanes the integers ncj belong to. If the nc,j belong to no essential 
hyperplane, then the Rouquier blocks of coincide with the partition B^ . 
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Corollary-Definition 2.18 Let 4> ■ vcj i— > y"'^'^ a cyclotomic specialization 
such that the integers ncj belong to only one essential hyperplane H (resp. to 
no essential hyperplane) . We say that (f> is a cyclotomic specialization associated 
with the essential hyperplane H (resp. with no essential hyperplane). Then the 
Rouquier blocks ofTi^ coincide with the partition (resp. B^). 

By taking cyclotomic specializations associated to each (or no) essential hy- 
perplane and calculating the Rouquier blocks of the corresponding cyclotomic 
Hecke algebras, we have been able to determine the Rouquier blocks for all ex- 
ceptional complex reflection groups in [5]. In the next section, we are going to 
do the same for the group G{d, 1, r). 



2.4 Functions a and A 

Following the notations in [S], 6B, for every element P{y) G C(2/), we call 

• valuation of P{y) at y and denote by valj,(P) the order of P{y) at (we 
have vaLy(P) < if is a pole of P{y) and vaLy(P) > if is a zero of 

• degree of P{y) at y and denote by deg,y(P) the opposite of the valuation 
ofP(l/y). 

Moreover, if x := yl''^^)!, then 

valy(P) deg.,(F) 

For X & Irr(W^), we define 

ax4. := vaU(sx0(y)) and A^^ -.^ deg^{s^^{y)). 
The following result is proven in Prop. 2. 9. 

Proposition 2.19 Let S Irr(M^). // ^'^'^ V'^ belong to the same 

Rouquier block, then 



3 Rouquier blocks for the Ariki-Koike algebras 

We will start this section by introducing some notations and results in combi- 
natorics (cf. U, §3A) which will be useful for the description of the Rouquier 
blocks of the cyclotomic Ariki-Koike algebras, i.e., the cyclotomic Hecke alge- 
bras associated to the group G{d,l,r). 



3.1 Combinatorics 

Let A = (Ai, A2, . . . , A/i) be a partition, i.e., a finite decreasing sequence of 
positive integers: 

Ai > A2 > ... > Ah > 1. 

The integer 

|A| :=Ai+A2 + ... + Aft 
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is called the size of X. We also say that X is a partition of \X\. The integer h 
is called the height of X and we set h\ := h. To each partition A we associate 
its f3-number, f3\ = {Pi, /32, • ■ • , /3ft), defined by 

pi h + Xi-l,p2-=h + X2-2,...,Ph-^h + Xh-h. 
Mult ipart it ions 

From now on, d is a positive integer. Let A — (A*-"-* , A^^^ , . . . , A^'^^^-') be a d- 
partition, i.e., a family of d partitions indexed by the set {0, 1, . . . , d — 1}. We 
set 

and we have 

x('^^ = {x[^\xi''\...,x[t). 

The integer 

|A| :=|:|A^'^)| 

is called the size of X. We also say that X is a d-partition of \X\. 
Ordinary symbols 

If P ~ {Pi, P2, . . . , Ph) is a sequence of positive integers such that Pi > P2 > 
. . . > Ph and m is a positive integer, then the m- "shifted" of P is the sequence 
of numbers defined by 

P[m] = {Pi + m, P2 + m, . . . , Ph + 171,171 — l,m — 2, . . . , 1, 0). 

Let A = {X'^°\X^^\ A(''-i)) be a d-partition. We caU d-height of X the 
family {h^^\ h^^\ . . . , h^'^~^^) and we define the height of X to be the integer 

hx := max {/i*") | (0 < a < d - 1)}. 

Definition 3.1 The ordinary standard symbol of X is the family of numbers 
defined by 

B, = {Bf\Bi'\...,Bi'-% 
where, for all a (0 < a < c? — 1), we have 

An ordinary symbol of X is a symbol obtained from the ordinary standard symbol 
by shifting all the rows by the same integer. 

The ordinary standard symbol of a c?-partition A is of the form 

= 6f 6f ... 
B« . .(^) ... bi 



A 1 2 ■ ' ■ hx 
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The ordinary content of a d-partition of ordinary standard symbol B is the 
"set with repetition" 

ContA^sf UsWu...USj^''-') 
or (with the above notations) the polynomial defined by 

ContA(x) := ^x''^"'. 

a, 2 

Example 3.2 Let us take d = 2 and A = ((2, 1), (3)). Then 

We have ContA = {0, 1, 3, 4} or ContA(a;) = l + x + x^ + x'^. 
Charged symbols 

From now on, we suppose that we have a given "weight system", i.e., a family 
of integers 

m:= (m(°),m(i),...,m(''-i)). 

Let A = (A(°\ A(i\ . . . , A^''"^)) be a d-partition. We caU [d^m)- charged 
height of A the family {hc'-^\ hc^^\ . . . , /ic^'^^-'^^), where 

/ic(o) := /iW - mW, /ic(i) := h^'^ - m^D, . . . , hc^''-'^ := h'-^-'^ ~ m^^-'\ 

We define the m-charged height of A to be the integer 

hex max {/ic^") | (0 < a < d - 1)}. 

Definition 3.3 The m-charged standard symbol of A is the family of numbers 
defined by 

Bc, = iBcf\Bc^\...,Bct\ 
where, for all a (0 < a < d — 1), we have 

Bc'^^^ :=/3(")[/iCA-/ic(")]. 

An m-charged symbol of X is a symbol obtained from the m-charged standard 
symbol by shifting all the rows by the same integer. 

Remark: The ordinary symbols correspond to the weight system 
^(0) ^ ^(1) = . = m('^-i' = 0. 

The m-charged standard symbol of A is a tableau of numbers arranged into 
d rows indexed by the set {0, 1, . . . , d— 1} such that the a"^ row has length equal 
to /ica + to'"'. For all a (0 < a < 1), we set Z'"' := /iCA + m'"' and wc denote 

by 

the a"^ row of the m-charged standard symbol. 
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The m-charged content of a d-partition of m-cliarged standard symbol Be is 
the "set with repetition" 

ContCA = ^4"^ U Bc-^^ U . . . U Self "^^ 
or (with the above notations) the polynomial defined by 

ContCA (x) ^x''"'"'. 

a, 2 

Example 3.4 Let us take d = 2, A = ((2, 1), (3)) and m = (-1, 2). Then 

" ( 7 3 2 1 
We have ContCA = {0, 1, 1, 2, 3, 3, 7} or ContCA(a;) = 1 + 23; + + 23;^ + x' . 

3.2 Generic Ariki-Koike algebras 

The group G(c?, 1, r) is the group of all monomial r x r matrices with entries in 
^d- It is isomorphic to the wreath product ; 6^ and its field of definition is 

Q(C<i). 

The generic Ariki-Koike algebra of G[d, l,r) (cf. [2], [5]) is the algebra 'Hd,r 
generated over the Laurent ring of polynomials in d + 1 indeterminates 

Od Z[uo,Uo • • ■ ,Ud-i,u'^^^,x,x^^] 

by the elements s, ti, t2, . . . , t,._i satisfying the relations 

• stisti = tistis, stj = tjS for i ^ 1, 

• (s - uo)(s - ui) . . . (s - = (tj - x){tj + 1) = 0. 

For every c?-partition A = (A'^*'^ A*-^-*, . . . , A'-'*"^^) of r, we consider the free 
Ofj-module which has as basis the family of standard tableaux of A. We can 
give to this module the structure of a ?^c;,r-niodule (cf. [2], [1], [IS]) and thus 
obtain the Specht module Sp"^ associated to A. 

Set ICd Qiuo,ui, . . . ,Ud^i,x) the field of fractions of Od- The JCd'Hd,r- 
modulc ICdSp^, obtained by extension of scalars, is absolutely irreducible and 
every irreducible /CdTirf.r-modulc is isomorphic to a module of this type. Thus 
ICd is a splitting field for Hd.r- We denote by xa the (absolutely) irreducible 
character of the /CdTid.i -module Sp^. 

Since the algebra lCd'Hd,r is split semisimple, the Schur elements of its irre- 
ducible characters belong to Od- The following result by Mathas ([13], Cor. 6. 5) 
gives a description of the Schur elements. The same result has been obtained 
independently by Geek, lancu and Malle in [14]. 

Proposition 3.5 Let X be a d-partition of r with ordinary standard symbol 
Bx = (Sf \ \ . . . , S^''"^^). Fix L > hx, where hx is the height of A. We set 
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B,,, (<) [L-h,],B^^^ [L-h,], . . . , b['-'^ [L-h,]) = S« , . . . , B^^-''') 

and b['{ = {b['\b''^'\. . . ,5^"'). Let ul := r{d - 1) + Q (^) and 6l := dL{L - 
l){2dL — d — 3)/12. Then the Schur element of the irreducible character x\ is 
given by the formulae s\ = {—l)°'^x^^{x — l)~'"(uoUi . . .Ud-i)^'^v\/5x, where 

v\= n ("'^ " "*)^ n n n (^'^^^^ ~ "*) 

Q<s<t<d 0<s,t<d i^_^^g{^)^l<k<bs 

and 

n n (x'^us-x'^ut) n n ix''''\s-x'''^'\s). 

0<s<t<d (h^,6,)e_B<';). xB<'\, 0<s<d l<i<]<L 

We have already mentioned that the field of definition of G((i, l,r) is K := 
Q(Cd). If we set 

^MK)\ _ Qiu^{Q <j<d-l) and z'^^^^l := x, 

then theorem 12.31 implies that the algebra K{vo,vi, . . . ,Vd-iT z)Ti,ci.r is split 
semisimple. Proposition 13.51 implies that the essential monomials for G{d, l,r) 
are of the form 

• z^VsV^"^ for Q < s < t < d and —r<k< r, 

• z 

Remark: The monomial z can be seen as a monomial of the form z^z^^, if, in 
the definition of the Ariki-Koike algebra, we replace the relation 

{tj - x){tj + 1) = by (tj - xo)itj + xi) = 

and we set 

^M^^l := xq and := xi. 



3.3 Cyclotomic Ariki-Koike algebras 

Let y be an indeterminate and let 

r «j ^ (0 < i < d), 

[ z ^ y" 

be a cyclotomic specialization. If we set q := yl''(^)l, then can be described 
as follows 

^. / ^ C'z'"^ (0 < J < d), 

The corresponding cyclotomic Hecke algebra {'Hd.r)<t> can be considered ei- 
ther over the ring [y, y~^] or over the ring Z/<- [g, g"^]. We define the Rouquier 
blocks of {TLd,r)(ti to be the blocks of {'Hd,r)<p defined over the Rouquier ring 
T^Kiy) in K{y). However, in other texts, as, for example, in [1], the Rouquier 
blocks are determined over the Rouquier ring TZk{(1) in K{q). Since TZkIv) is 
the integral closure of TZK{q) in the splitting field K{y) for {Ti.d,r)4>, proposition 
11.41 establishes a relation between the blocks of TlK{y){'Hd,r)4> and the blocks of 
TZK{q){'Hd.r)(j>- Moreover, in our case we can prove that 
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Proposition 3.6 The blocks of TZK{y){'Hd,r)<p and the blocks of TZK{q){'Hd,r)<f, 
coincide. 

Proof: By proposition 11.41 we know tliat the bloclcs of TZK{q){'Hd,r)ii> are 
unions of the blocks of TZK{y){'Hd.r)<t>- Now let e be a block-idempotent of 
Ti-K{y){'H,d,r)<p- Since ICd is a splitting field for 'Hd,r, proposition 11.151 implies 
that e belongs to K{q){Hd,r)4>- Thus we have 

e e ■RK{y){nd,r)^ n K{q){nd,r)^ = nK{q){Hd,r)<p, 

since the ring TZxiq) is integrally closed and TZxiy) is integral over it (yl^(-^)l — 
q = 0). Thus, e is a sum of blocks of 'R-K{q){Hd,r)<i>- • 



3.4 Residue equivalency 

Let (/) be a cyclotomic specialization like above and set O := TZxiq)- Following 
proposition in order to obtain the Rouquier blocks of {Hd.r)^,, we need to 
calculate the blocks of Opo{'Hd,r)<t, for all 0-bad prime ideals p of Zk- 

Let p be a prime ideal of lying over a prime number p. By proposition 
I2.12l the ring O is a Dedekind ring and thus Opo is a discrete valuation ring. If we 
denote by kp its residue field, then, by proposition [TT71 the blocks of Opo{'Hd.r)ct> 
coincide with the blocks of kp{Ti.d.r)tj>- We denote by iTp the surjective map 
Opo ^ kp. 

Definition 3.7 The diagram of a d-partition A is the set 

[A] := {(z, j,a) I (0 < a < d - 1)(1 < i < h^-^){l < j < \^^)}. 
A node is any ordered triple {i,j,a). 

The p-residue of the node x = (i, j, a) with respect to (j) is 



resp,0(a;) < 



i^P (j - , C?™" ) if n = and itp {Qq"-- ) ^ np (C^g™^ ) for a 7^ b, 
7rp(Q(7™°) otherwise. 



Let Resp_0 := {resp_0(a;) | x £ [A] for some d-partition A of r} be the set of 
all possible residues. For any d-partition A of r and / g ReSp^^, we define 

C/(A) = #{xG [A]|res(x) = /}. 

Adapting definition 2.10 of [5D], we obtain 

Definition 3.8 Let A and fi be two d-partitions of r. We say that A and fi are 
p-residue equivalent with respect to (j) if Cf{\) — Cf{fi) for all f G RcSp.^. 



Then gD], Theorem 2.13 imphes that 
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Theorem 3.9 Two irreducible characters (xa)^ cind {Xfj.)tj> cii"^ *^ ihe same 
block of kp{7id.r)4> */ '^^'^ onZy if A and fi are p-residue equivalent with respect 
to 4>. 

The above result, in combination with proposition l2.14l gives 

Corollary 3.10 Two irreducible characters {x\)it> o.'^^d {xij)4> in the same 
Rouquier block of {Ti.d.r)(j> if and only if there exists a finite sequence X{o), ■ • ■ j ^(m) 
of d-partitions of r and a finite sequence pi, . . . ,pm of <p-bad prime ideals for W 
such that 

• A(o) = A and A(™) = fj., 

• for all j {I < j < m), the d-partitions ^(j-i) and Aq) are pj-residue 
equivalent with respect to (j). 

3.5 Rouquier blocks and charged content 

Theorem 3.13 in ^ gives a description of the Rouquier blocks of the cyclotomic 
Ariki-Koike algebras when n 7^ 0. However, in the proof it is supposed that 
1 ~ Cd always belongs to a prime ideal of This is not correct, unless d 

is the power of a prime number. Therefore, we will state here the part of the 
theorem that is correct and only for the case n ~ \. 

Theorem 3.11 Let (j) be a cyclotomic specialization such that 4'{x) — q. If 
two irreducible characters {x\)4> and {Xp,)(p are in the same Rouquier block 
of (7id,r)4>, then Contc^ = Contc^ with respect to the weight system m = 
(mo, mi, . . . ,md-i). The converse holds whend is the power of a prime number. 

3.6 Determination of the Rouquier blocks 

In this section, we are going to determine the Rouquier blocks for all cyclotomic 
Ariki-Koike algebras by determining the Rouquier blocks associated with no 
and each essential hyperplane for G{d,l,r). Due to coroUarv 12.181 it suffices 
to consider a cyclotomic specialization associated with no and each essential 
hyperplane and calculate the Rouquier blocks of the corresponding cyclotomic 
Hecke algebra. Following the description of the essential monomials in section 
3.2, we obtain that the essential hyperplanes for G{d, l,r) are of the form 

• kN + Ms - Mt = for < s < t < d and -r <k <r. 

• iV = 0. 

Case 1: No essential hyperplane 

If is a cyclotomic specialization associated with no essential hyperplane, then 
the description of the Schur elements by proposition 13.51 implies that there are 
no 0-bad prime ideals for G{d, l,r). Therefore, every irreducible character is a 
block by itself. 

Proposition 3.12 The Rouquier blocks associated with no essential hyperplane 
are trivial. 
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Case 2: Essential hyperplane of the form kN + Ms — Mt = 

The following result is an immediate consequence of the description of the Schur 
elements by proposition 13. 51 

Proposition 3.13 Let s,t,k be three integers such that < s < t < d and 
—r < k < r. The hyperplane 



is essential for G{d, 1, r) if and only if there exists a prime ideal p ofZ^d] such 
that — Cd G P- Moreover, in this case, H is p- essential for G{d, 

Example 3.14 The hyperplane Mo — Mi is 2-essential for G(2, l,r), whereas it 
isn't essential for G(6, 1, r), for all r > 0. 

From now on, we assume that kN + Ms — Alt = is an essential hyperplane 
for G{d, 1, r), i.e., that there exists a prime ideal p of '^[Q] such that Cd ~ Cd G P- 
Let 



be a cyclotomic specialization associated with that essential hyperplane. Our 
aim is the determination of the Rouquier blocks of {7id.r)<t>- 

For the notations used in the following theorem, the reader should refer to 
section 3.1. 

Proposition 3.15 Let \, fi be two d-partitions of r. The irreducible characters 
{X\)rt> '^'^^ (Xai)^ '^''6 ^'^ same Rouquier block of {Ti.d,r)tp if o,nd only if the 
following conditions are satisfied: 

1. We have A^"^) = ^("^ for all a (f. {s, t}. 

2. IfX"* := (A("),AW) anrf^"* := A^**)), then ContCA^^* = Contc^.* with 
respect to the weight system (0, k). 

Proof: We can assume, without loss of generality, that n — 1. We can also 
assume that ms ~ and rrit ~ k. 

Suppose that (xa)^ and (xm)^ belong to the same Rouquier block of {li.d,r)<t>- 
Due to theorem 13.111 we have ContCA = Contc^ with respect to the weight 
system m = (toqi "ii, . . . , md-i). Since the m^, a ^ {s, t} could take any value 
(as long as they don't belong to another essential hyperplane), we must have 
that A*-"^ = /i'-"^ for all a ^ {s,i}. Moreover, the equality ContCA = Contc^ 
implies that the corresponding m-charged standard symbols Bc\ and i?Cp have 
the same cardinality and thus hc\ = hCf^. Therefore, we obtain 



Bc^^'> = Pi'''' [hex ~ hc^^'>] = Pl^'^ihCf, - hc[^^ = Bc|f) for aU a i 



Consequently, we have the following equality between "sets with repetition" : 



H : kN + Ms -Mt=0 




We can assume that the m^, a ^ {s,t} are sufBciently large so that 



hex e {hc''^\hc'-*'} and /ic^ G {hcl'\hc^^^. 
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In this case, if A"* := (A("\ A(*)) and := (/^("), then 

and we obtain Contc^jst = Contc^s* with respect to the weight system (mg, mt). 

Now let us suppose that the conditions 1 and 2 are satisfied. Set I := lA'**]. 
Due to the first condition, we have j/x'**! = /. Let Ti.2.i be the generic Ariki-Koike 
algebra of the group G(2, 1, 1) defined over the ring 

z[u,,u-\Ut,Ut-\x,x-^]. 

The group G{2, 1,1) is isomorphic to the cyclic group of order 2 for I = 1 and 
to the Coxeter group i?; for / > 2. Let us consider the cyclotomic specialization 

Due to theorem l3.111 the condition 2 implies that the characters (xa"')'? 
(Xm=*)i> belong to the same Rouquier block of {H2,i)^- Therefore, we obtain that 
kN + Ms — Mt = is a 2-essential hyperplane for G(2, 1, 1) and that, due to 
corollary 13. 101 and /i** are 2-residue equivalent with respect to In order 
to check whether A and fi are p-rcsidue equivalent with respect to 0, wc only 
need to consider the nodes with third entry s or t (thanks to condition 1). The 
nodes of A (resp. of n) with third entry s or i are the nodes of A** (resp. /i''**). 
The p-residues of these nodes with respect to 4> can be obtained by replacing 
q-ms CJ?™' a-nd —q"^* by Cd?™* into the 2-residues with respect to i? of the 
nodes belonging to [A***] and [n"*]- Since A*** and fi"* are 2-rcsidue equivalent 
and Cd — Cd £ P (when before we had 1 — (—1) G (2)), we obtain that A and /i 
are p-residue equivalent with respect to 0. Thus, by corollary 13. 101 (xa)^ and 
(X/i)0 belong to the same Rouquier block of {Hd,r)<f,- • 

The following result is a corollary of the above proposition. However, it can 
also be obtained independently using the Morita equivalences established by 

m- 

Proposition 3.16 Let X, fi be two d-partitions of r. The irreducible characters 
(Xa)()!> o.nd {XiJ.)4> '^''6 if^^ same Rouquier block of {Ti.d,r)4> */ ^"■'^ onZy if the 
following conditions are satisfied: 

1. We have A^"^) = for all a (f. {s, t). 

2. If X"^ := (A^'^^Af*)), /i'** := (/.*(''), ^W) and I := |A"*| = l/x'**], then the 
characters (xa^Oi? '^'^'^ (Xai°')i5 belong to the same Rouquier block of the 
cyclotomic Ariki-Koike algebra of G{2, 1,1) obtained via the specialization 

Proof: Following [TO], Thm.1.1, we obtain that the algebra {Ti.d.r)<f> is Morita 
equivalent to the algebra 

(H2,„j0' ®H(6„,)<^-- (K)...®H(e„,_j^", 

"l.--.."d-l > 
"!+-■■ + na-l = ^ 
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where (f)' is the restriction of to Z[us, uj"'^, Wt, u^"'^, x, a;""'^] and <j)" is the re- 
striction of (f) to Z[a;, a;~^]. Therefore, {'Hd,r)<i> and A have the same blocks. 

Since n 7^ 0, the Rouquier blocks of 7i(6„2)0" ,. . ., 'H{&n2)4>" trivial. 
Thus we obtain that two irreducible characters (xx)4> and {Xti)4> are in the same 
Rouquier block of (Ti.d,r)(p and only if the following conditions are satisfied: 

1. We have A^") = n^""^ for all a ^ {s, t}. 

2. If A^* := (A^'^^Af*)), n"* := and / := 1X^*1 = |/^^*|, then the 
characters (xa''*)^' and (x^i^O^' belong to the same block of (7i2,;)0' ^'^^'^ 
the Rouquier ring of Q{Q)- 

Since the hyperplane kN+Mg — Mt = is a p-essential hyperplanc for G{d, 1, r), 
corollary 13 . 1 01 implies that the second condition is equivalent to saying that the 
2-partitions A*** and are p-residue equivalent with respect to </>'. By replacing 
CdQ™" by q"^" and Cdl™'* by — g™' into the p-residues with respect to </>' of the 
nodes of [A^*] and [a***], we obtain their 2-residues with respect to There- 
fore, the 2-partitions A^* and /x^* arc p-rcsidue equivalent with respect to (j)' if 
and only if they are 2-residue equivalent with respect to 1?, i.e., the characters 
(xa=')i5 and (xp=*)i? belong to the same Rouquier block of (7^2. ' 

Case 3: Essential hyperplane = 



be a cyclotomic specialization associated with the essential hyperplane 



Then we have the following result. 

Proposition 3.17 Let X, fi be two d-partitions ofr. The following assertions 
are equivalent: 

(i) The characters {xx)4> o-nd {Xp,)tj> o-fs the same Rouquier block of {T-Ld.r)cj>. 

(ii) |A('')| = for all a = 0,1,..., d- 1. 

Proof: ((i) (ii)) Thanks to proposition [2TT31 we can assume that there 
exists a prime ideal p of 1\C,d\ such that {x\)4> and {Xti)<p belong to the same 
block of k^T-Lff, (where fcp is the p-residue field of the Rouquier ring). Therefore, 
by theorem [3.91 they must be p-residue equivalent with respect to (/>. Due to the 
form of the p-residue with respect to and the fact that the ttIq (0 < a < d) 
can take any value, we must have 



for all a = 0, 1, . . . , d — 1. 

((ii) =^ (i)) Let a G {0, 1, . . . , d — 1}. It is enough to show that if A and ji 
are two d-partitions of r such that 



Let 




= 0. 



#{(*,J,a)|(l<*</ir)(l<J-<ArO} = 
#{(^,J,a) I (1 < z < /ij."')(l < J < tif)] = l/it"^)! 
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|A('')| = |/^('')| and A^'') = a**''^ for all b ^ a, 

then {x\)(p and {Xi-i)tf> arc in the same Rouquier block. 

Set I := |A'-"-'| = The generic Ariki-Koike algebra of the symmetric 

group &i specializes to the group algebra Z[S/] when x specializes to 1 . For 
any finite group, it is well known that 1 is the only block-idempotent of the 
group algebra over Z (see also [55], §3, Rem.l). Thus, all irreducible characters 
of &i belong to the same Rouquier block of Z[S/]. Corollary 13.101 implies that 
there exist a finite sequence of partitions of Z, A(o), A(i), . . . , A(m) and a finite 
sequence of prime numbers of Z, pi,p2, • ■ • ,Pm such that 

. A(o) =AW and A(,„) =/i(«), 

• and A(i) are (pi)-residue equivalent with respect to the specialization 
sending .t to 1, for alH = 1, . . . , to. 

We define Xd.i to be the d-partition of r with 

Ag = A(,;) and X^j'l = A^'') for all b ^ a. 

Let pi be a prime ideal of lying over the prime number pi. Then we have 

• Ad,o = A and Xd.m = 

• Ad.i-i and Xd^i are p^-residue equivalent with respect to for all i = 

1, . . . , TO. 

CoroUarv 13. 101 implies that {xx)(i> and {Xfi)rf> are in the same Rouquier block of 

{'Hd,r)(j>- • 

Conclusion 

Let 

r cig'"^ (0 < J < d), 

^ ■ \ a- 

be a cyclotomic specialization for 'Hd,r- Let A and ^ be two d-partitions of r. 
We write A '^r^cj, /i if there exist two integers s and t with Q < s < t < d such 
that the following conditions are satisfied: 

1. We have A^'^^ = /x'"' for all a ^ {.s, t}. 

2. If A^* := (A(^',A(*)) and a*^* := (n^^K then ContCA^* = Contc^.t 
with respect to the weight system (0,fc), where k is an integer such that 
kn + TTis — mt — (or, equivalently, the irreducible characters (xa^*))? and 
(X/i"*)'? belong to the same Rouquier block of the cyclotomic Ariki-Koike 
algebra of G{2,1,1) obtained via the specialization d : Us q"^' ,Ut » 

3. There exists a prime ideal p of such that ~ Cd ^ P- 
Thanks to propositions 13.121 13.151 and 13.171 proposition 12.171 gives 

Theorem 3.18 Ifn^O, then two irreducible characters (xa)^ md {Xfj.)4> ^.'''^ 
in the same Rouquier block of{Tid^r)4> only if there exists a finite sequence 

A(o), A(i), . . . , A(m) of d-partitions of r such that 
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• '^(0) = ^ and A(„j) = 

• for all i (1 < i < m), we have ^(i-i) ^(i)- 

If n = 0, then two irreducible characters (xa)^ o,nd {Xp.)ti> '^'"^ *^ same 
Rouquier block of{Ti.d^r)<j> if and only if there exists a finite sequence A(o), '^(i): ■ • ■ i -^(m) 
of d-partitions of r such that 

• A(o) = A and A(™) fi, 

• /or all i {1 < i < m), we have A(j;_i) ^r^^, or |a|"^j^j| = |A|°j^| for all 
a ~ 0,1, . . . ,d ~ 1. 

3.7 The "spetsial" case 

In this section, we will show that the Rouquier blocks calculated by the algo- 
rithm of [4] are correct, when is the "spetsial" cyclotoniic specialization (see 
cxamplc l2.8p . We are mostly interested in this case, because, as we have already 
mentioned, the Rouquier blocks of the "spetsial" cyclotomic Hecke algebra of a 
Weyl group coincide with its families of characters. 

Let 

0. / Ci<?'"^ (0 < .7 < d), 

\ X 1-^ q 

be a cyclotomic specialization for Ti.d,r- Let A and fi be two d-partitions of r. 
We write A ~c,0 M if there exist two integers s and t with < s < t < d such 
that the following conditions are satisfied: 

1. We have A^'') = /x'"^ for all a ^ {s, t}. 

2. If A'** (A("),AW) and ^i"* := then ContCA-t = Contc^.t with 
respect to the weight system (ms,™*). 

Proposition 3.19 Let A and fi be two d-partitions ofr. We have that ContCA = 
Content with respect to the weight system (niQ, mi, . . . , m^-i) if o,nd only if there 
exists a finite sequence A(o)7 -^(i)' • ■ ■ j ^{m) of d-partitions of r such that 

• -^(0) = ^ \m) = 

• for alii (1 < i < m), we have ^(i-i) ^c,<t> ^(i)- 

Proof: We will first show that if A ^c,4> /^i then ContCA = Contc^. Let s,t 
be as in the definition of the relation ^c,4>- Since Contc^st = Contc^st with 
respect to the weight system (ms,mt), we have that hc\st = hc^st. Moreover, 
hc'^^ = /ic|f ■* for all a ^ s,t. Therefore, 

hex = max{/iCA=*, {hc^x^)a^s,t} = max{/ic^.f , (/ic*f ')a5^s,i} = hc^. 
Set h := hex — hcx^* ~ hc^ — hc^st. We have 

Bc^"' = /3['^ [hex - h^x^ + m,] = [hcx^t - h^^^ + m, + h] = Bcfl [h]. 
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Similarly, we obtain that 

= Bc^^l[h], Bcl:'> = ScJIN and Bc^^'> - BcJ^V^H- 

Since 
we have 

Bc^°i [/i] U [/i] = Bcjil [h] U Sc« [/i] 

and thus, 

Bc^^^ = Bc{r^ for all a 7^ s,t, we deduce that ContcA = ContCu- 
Now let A and fj. be two c?-partitions of r such that ContCA = Contc^ . Let p 
be a prime number such that p > d. Wc consider the cyclotomic specialization 
for Hp.r 

( ^C^g™^(0<J <d), 
[ q, 

where M > mj + r for all j {0 < j < d). We define the p-partition A of r as 
follows: 

XU) xU) for all j (0 < j < d) and A**' for al\i{d<i <p). 
Similarly, we define p, as follows: 

jjU) ■= ^U) for all j (0 < J < d) and p.'-^'^ := for alH (d < i < p). 

We have /ic^'^ = /ic^'^ = -M for all i{d < i < p). Moreover, hcf^ > -M 

and hc'f' > -M for all j (0 < j < d). Thus /ic^ = hex = hc^ = hcp,. 
It is immediate, that ContCA = Contcp with respect to the weight system 

(mo, mi, . . . ,md_i,M, A'/, . . . ,M). 

Since p is a prime number. Theorem 13 . 11 1 implies that the irreducible charac- 
ters Xx and Xfi belong to the same Rouquier block of (Hp.r),^- Due to Theorem 
13.181 there exists a finite sequence A(o), A(i), . . . , A(,„) of p-partitions of r such 
that 

• A(o) = A and A(,„) = p,, 

• for alH (1 < / < m), we have A(/_i) ,^ A(;) (and thus A(;_i) r^c,4> 

Since A ^^^^ A(i) and 0(a;) = q ^ 1, there exist two integers s and t with 
< s < t < p such that A and A(i) belong to the same Rouquier block associated 
with an essential hyperplane of the form 

kN + Ms - Mt = 0, where - r < k < r 

and we have k + m^ — rrit = 0. Since M — irij > r for all j (0 < j < d), we 
can't have s < d < t. If s > d, then A(i) is a p-partition of r if and only if 
A(i) = A. Thus, we must have t < d and since A*^*^ = for all i {d < i < p), 
we also have A^l = for all i {d < i < p). Inductively, we obtain that a|j| = 
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for ail i {d < i < p) and for alH (1 < I < m) (the same result can be obtained 
from the fact that the charged content of two p-partitions hnked by ^ is the 
same) . 

Let I G {0, 1, . . . , Let us define A(i) to be the d-partition of r such that 
A|^j := a[^] for aU j {Q<j<d). Then we have 

• A(o) = A and A(,„) = /i, 

• for aU Z (1 < / < to), we have A(;_i) '^c,0 A(;). ■ 

Now assume that (j) is the "spctsial" cyclotomic speciahzation, i.e., 
Too = 1 and toi = . . . = irid-i = 0. 
We are going to prove the following result. 

Proposition 3.20 Let (p be the "spetsial" cyclotomic specialization. Two irre- 
ducible characters {x\)4> md (xa)<^ belong to the same Rouquier block of {TCd,r)4> 
if and only if ContCA = Contc^ . 

Proof: If {x\)<p and {xx)<p belong to the same Rouquier block of {Hd,r)(p, 
then, by Theorem 13. Ill we have ContCA = Contc^. 

Now let A and fi be two d-partitions of r such that ContCA = Contc^ . Thanks 
to proposition 13 . 19l we can assume that A ^^c.^ M- Then there exist two integers 
s and t with < s < t < d such that 

ContCA=t ~ Contc^st and A^"^ = for aU a 7^ s,t. 

Let us suppose that d = Pi^p'2' ■ ■ ■ Pn" i where pi are prime numbers such that 
Pi ^ pj for i ^ j. For i — 1, . . . ,n, we set Ci := d/p1\ Then gcd(ci) = 1 and, 
by Bezout's theorem, there exist integers (foi)i<i<n such that '}2^=i ^i^i ~ ^■ 
We have s — t ~ X]r=i('^ ~ t)biCi. We set ki := (s — i)hiCi and we obtain that 
s — t = ^i- 

For alH = 1, . . . , n, the element 1 — C^' belongs to the prime ideal of 
lying over the prime number pi. So is 1 — C^'. 

Let / be a subset of {1, . . . ,n} minimal (with respect to inclusion) for the 
property 

s — i = ki (mod d) , 

i.e., , if J C / and 

s — t = kj (mod d) , 

then J ~ I. Without loss of generality, we can assume that / = {!,... ,n}. 
Now, for all 1 < m < n, set 

m 

Im ■= ki (modd) and ■= 0. 

Due to the minimality of /, we have t + li ^ s (modd) for all i < n. 

The group acts naturally on the set of d-partitions of r: Let v ~ 
. . . , i^(''~^)) be a d-partition of r. If r G S^, then 
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For a,b G {0, . . . , d — 1}, we denote by (a, b) the corresponding transposition. 
If a, & ^ 0, then ;y ~c.0 (ct, (since the ordinary content is stable under the 
action of {a,b)). 

For i ^ I, set (Ji :— {t + li^i {modd),t + k (mode?)). We have that the 
element 

— ^d ^d ) 

belongs to the prime ideal of Z[(d] lying over the prime number pi. Therefore, 
if < + li-i, t + li ^ (mod d) , then i> ^B.,ct> o'i(i') for any d-partition v of r. 

Assume that t + li ^ Q (modd) for all i < n. If cr := (t,t + In-i (modd)), 
then 

Theorem 13.181 implies that {x\)(j> ^-nd {Xa(\))(t> belong to the same Rouquier 
block of {'Hd,r)4>- The same holds for {Xfi)4> and (Xcr(p))0- Since A ~c.0 (with 
respect to s, t), we have that cr(A) ~c,0 c''(m) (with respect to s, (mod d)). 

Moreover, the element Q — = Cdi^~ Cd'^") belongs to the prime ideal of 

lying over the prime number p„ and thus, cr(A) ^R.ct, cr(/i). Consequently, 
ix\)^ a-nd {xtJ.)<t> belong to the same Rouquier block of {'Hd.r)<t>- 
Now let us assume that there exists 1 < m < n such that 

t + li ^ (modd) for all i < m and t + Im = (modd). 

We will prove that (xa)^ and {Xfj.)4> belong to the same Rouquier block of 
{'Hd,r)4> by induction on n — m. 

Let m = n — 1. We have to distinguish two cases: If k„-i ^ fc„ (mod d), then 
we have that t + ln-2 + kn ^ (mod d) and we can rearrange the fc,; (exchanging 
kn-i and fc„) so that t + k ^0 (modd) for all i < n. This case has been covered 
above. 

If fc„_i = kn (modd), we set 

a := {t, t + ln-2 (modd)) = tri o CT2 o . . . a^-s o cr„_2 o cr„_3 . . . o CT2 o cti. 

Like above, we have that {x\)4> and {Xa(\))cl> belong to the same Rouquier block 
of {T-Ld,r)(i>- So do {xti)4> and (Xo-(^))0. Since the element 

/-S + >S — — A'n /-^(A i^~2kn\ 

Sd Sd — Sd '^d ~ ^d\^ Sd ) 

belongs to the prime ideal of Z[(^d] lying over the prime number p„, we obtain 
that cr(A) ^R,^ ^{p) and thus {x\)>t> and (x^i)^ belong to the same Rouquier 
block of {Hd,r)4,- 

Now assume that the result holds for integers greater than m. We will show 
that it holds for m: Suppose that 

i + Zi ^ (modd) for all i < m and t + Im = (modd). 

We again distinguish two cases: If there exists ia > m such that ki^ ^ 
km (mod d), then we have that t + Im-i + fcio ^ (mod d) and we can rearrange 
the ki (exchanging fc,„ and ki^) so that i + /i ^0 (modd) for all i < m + 1. Now, 
the induction hypothesis and the case t + li ^ Q (mod d) for alH < n cover all 
possibilities. Thus, the result is true. 

If ki = km (modd), for all i > m, we set 
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0- := (t, t + Un-l (modd)) = CTi O (T2 O . . . (Jm~2 ° CTm-l O 0',„_2 . . . O CT2 O (7i . 

Again we have that (xa)^ and (Xcr(A))</) belong to the same Rouquier block of 
{Ud,r)4,- So do {xti)<t> and {xa(p))ct>- Since the element 

~ - Sd '.d ~ ISd J-j 

belongs to the prime ideal of "ZlCd] lying over the prime number pm, we obtain 
that ct(A) '^ii,,/, CT(/.t) and thus (xa)^ and (Xm)^ belong to the same Rouquier 
block of {'Hd,r)<p- • 



3.8 Functions a and A 

Let 

be a cyclotomic specialization for Hd,r- If n ^ 0, then [i], Prop. 3. 18 implies 
that the functions a and A (see section 2.4) are constant on the Rouquier blocks 
of {'Hd,r)ct,- We will show that this is also true for n = 0. Thanks to theorem 
I3.18|, it suffices to show that 

Proposition 3.21 Let A and fi be two d-partitions of r. Let (f> be a cyclotomic 
specialization associated with the essential hyperplane N ~ 0. If {x\)(j> cind 
(X/i)^ belong to the same Rouquier block of {T-ld^r)tj>, then 

a{{x\)<t>) = a((XM)0) Mixx)<t>) = ^((Xm)</>)- 
Proof: Thanks to proposition l2.191 wc have that 

a((XA)0) + ^((xa)^) = a((XM)<A) + MixM- 

Thus, it is enough to show that A{{x\)4,) = A{(x^)(f,)- 

Set L := max{/iA, h^}. Using the notations of proposition 13. 5) it is straight- 
forward to check that, for .t = 1, the term Sx doesn't depend on the d-partition 
A. Consequently, we obtain that ^((xa)^) = A{{xtJ,)<p) if and only if 

deg,{no<s.t<dU,^eBi^>^ Ui<k<bSQ<' ~ Cd<')) = 
deg,ino<s,t<dUt,eJ^ HKkKbSCdQ"-^ - Cd<'))- 

Set 

fxii) ■■= Uo<.,t<dUt^eBi^^^ Ui<k<bSQq"'' ' Cd^'). 

We have that 

= no<.s,*<d((Cd9'— c^9'"')"'^'|+(^))) 

Since (xa)^ and (xai)^ belong to the same Rouquier block of {TCd,r)tp, by 
theorem we have |A(^)| = \n'^'''>\ for all s = 0, 1, . . . , d - 1. Thus, }x{q) = 
ffi{q), which imphes that degg{f\{q)) = degg(/^((;)). Therefore, we obtain that 

AiixxM ^ Aiix^)^). m 
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